We present an analytical study of oscillatory laminar shear flow over a compliant viscoelastic layer on a rigid base. This problem relates to oscillating blood flow in viscoelastic vessels. The deeper motivation for this study, however, is the possible use of compliant coatings for turbulent drag reduction. An analytical solution of the fluid and solid velocity is presented, and five dimensionless parameters emerge. The interaction between fluid and solid appears to be determined by a single combined dimensionless parameter, which we call the shear interaction parameter χ. The fluid satisfies a no-slip boundary condition when |χ| → 0, which occurs when the solid is heavy, stiff and/or thin. In contrast, the fluid obeys a free-slip boundary condition when |χ| → ∞, which corresponds to a lightweight and/or soft solid. Three types of resonance modes are identified for an elastic solid. Two modes (odd and even) are specific to the solid. The third mode results from the coupling with the fluid. The three modes are less pronounced or even absent for a viscoelastic solid. These findings have a twofold use. First, they help to understand the fluid and solid dynamics when shear coupling is important. Second, the presented analytical solution is very useful for validation of numerical fluid-structure-interaction solvers. Future work might include the extension of the theory to multiple viscoelastic layers and the dynamic coupling of normal stresses.
Introduction
Fluid-structure interaction (FSI) is the mutual interaction between a deformable structure and a fluid flow. FSI appears in many engineering areas, such as aeronautical, biomedical and construction engineering. Some examples of FSI include aero-elastic flutter of aircraft wings [Kamakoti and Shyy, 2004] , closure and reopening of pulmonary airways [Heil and Hazel, 2011] , fluid mechanics of heart valves [Sotiropoulos et al., 2016] , flow-induced vibrations of pipes and cables [Nakamura and Kaneko, 2008] , sloshing in partially-filled containers [Rebouillat and Liksonov, 2010] , and self-sustained oscillations in musical instruments [Fabre et al., 2012] .
Many of such FSI examples led to the investigation of fundamental FSI problems: simplified problems that retain important physics and help much in understanding. Examples of such classical problems are the flow past a freely vibrating cable [Newman and Karniadakis, 1997] , the flow in collapsible tubes [Grotberg and Jensen, 2004] , a flexible pipe conveying incompressible fluid [Xie et al., 2016] , and lubrication of soft viscoelastic solids [Pandey et al., 2016] . Another extensively-studied classical FSI problem is the stability of flow over compliant walls [Carpenter and Garrad, 1986, Kumaran, 1995] , which has mainly been studied for two reasons: delay of transition to turbulence in laminar flows, and drag reduction in turbulent flows. Anisotropic, viscoelastic and permeable compliant walls have been investigated as well [Yeo, 1990 , Hamadiche and Gad-el Hak, 2004 , Pluvinage et al., 2014 .
In this paper we investigate another fundamental FSI problem, namely the oscillatory laminar shear flow over a compliant viscoelastic layer on a rigid base. The compliant coating is solely driven by shear forces; normal stresses are absent. This relatively simple problem has an analytical solution. The current paper focuses on the dynamics in absence of instabilities. Specifically, it investigates how the flow dynamics changes as a result of the coupling to a viscoelastic solid.
The motivation for studying this problem comes from the possible use of compliant coatings for turbulent drag reduction, as reviewed by Gad-el Hak [2002] . Compliant coatings can delay transition to turbulence in laminar flows, thereby reducing drag. In addition, there are some indications from experiments that compliant walls can also reduce drag in turbulent flows [Lee et al., 1993 , Choi et al., 1997 . However, detailed, carefully conducted and independently verified experimental studies are very scarce. Semi-analytical studies have been performed as well. Some investigations describe dispersion relations for waves on (visco)elastic layers [Gad-El-Hak et al., 1984 , Duncan et al., 1985 , Kulik et al., 2008 , Vedeneev, 2016 . Other studies consider the response of viscoelastic layers to travelling pressure pulses or waves [Duncan, 1986 , Kulik, 2012 . Finally, several numerical studies have appeared the past two decades. The resolvent formulation was used to consider the interactions between a compliant wall and turbulence [Luhar et al., 2015 [Luhar et al., , 2016 . In addition, some Direct Numerical Simulations (DNSs) of turbulent flow over compliant walls have been performed [Endo and Himeno, 2002 , Xu et al., 2003 , Fukagata et al., 2008 , Kim and Choi, 2014 . The walls were modelled as spring-damper-supported plates or membranes. The surface motion was restricted to the vertical direction in most studies. There is still a need for DNSs of turbulent flow over a truly viscoelastic layer, which is more appropriate to model realistic coatings [Kulik et al., 2008] .
The present problem also relates to the field of physiological fluid mechanics, with hemodynamics (the dynamics of blood flow) in particular. There are at least three characteristics that distinguish blood flow from steady flow in rigid channels: pulsatility, distensibility and viscoelasticity. Cardiovascular flow is pulsatile: there is a periodically varying flow on top of the mean flow. An overview of pulsatile flow theory is given by Gundogdu and Carpinlioglu [1999] . The flow is oscillatory when there is zero mean flow. Some classical papers about oscillating flows were written by Womersley and co-workers [Womersley, 1955 , Hale et al., 1955 . Here we also consider an oscillatory flow. Distensibility refers to the characteristic that an increase of the intravascular pressure results in swelling of the blood vessel, i.e. the vessel radius increases. Recent work shows that the axial (or longitudinal) displacement of arterial walls might be significant as well under certain conditions [Čanić et al., 2014] . Distensibility is not relevant in the present problem, as normal stresses are absent. The focus is on axial displacements of the viscoelastic wall. Finally, blood vessels are viscoelastic, see e.g. Bergel [1961] andČanić et al. [2014] (with references therein). Viscoelastic materials exhibit both elastic and viscous behaviour. The inclusion of viscoelasticity is important for predicting the correct hemodynamics [ValdezJasso et al., 2009] . The present study therefore includes viscoelasticity. This paper is organized as follows. Section 2 describes the relevant theory related to FSI and solid viscoelasticity. Section 3 introduces the specific FSI problem and derives the analytical solution. The dynamics of the coupled fluid-solid system is considered in section 4. In section 5 we investigate how the interface velocity and shear stress change due to the viscoelastic coating. The paper closes with the conclusions and a discussion in section 6.
Theory
This section provides the relevant theory for the present FSI problem. The first subsection introduces the general FSI problem with the corresponding equations of motion and interface conditions. The second subsection summarizes the theory of structural viscoelasticity.
General FSI problem
Consider a volume that encloses both fluid and solid with the associated fluid-structure interface. The equations of motion for the fluid are:
with material (or total) time derivative D/Dt = ∂/∂t+u f j ∂/∂x j , velocity u i , time t, spatial coordinate x j , density ρ, stress tensor σ ij and body force f i . The super-or subscripts f indicate the fluid phase. The Einstein summation convention for repeated indices is used. Equation 1 expresses momentum transport and equation 2 denotes mass conservation. The fluid is assumed to be incompressible and Newtonian, which gives the following constitutive relation for the fluid stress:
with dynamic viscosity µ and Kronecker delta function δ ij . The pressure p enforces the incompressibility condition given by ∂u f j /∂x j = 0, such that ρ f is a constant. The fluid exerts stresses on the solid at the interface, which results in structural deformations. Let x denote the Lagrangian coordinate vector, which is the original position of a solid particle in the undeformed medium. In a deformed medium, the particle's position becomes X = x + ξ with components X i (x, t) = x i + ξ i (x, t). The displacement or deformation vector ξ has components ξ i . The particle's velocity u s i (x, t) is the total time derivative of its actual position: u s i = dX i /dt = ∂ξ i /∂t. The equations of motion for the solid are:
with density change δρ s due to local compression or expansion of the solid [Lautrup, 2011] . The super-or subscripts s indicate the solid phase. The first equation represents a momentum balance, analogous to equation 1. The second equation expresses mass conservation, analogous to equation 2. The present study is restricted to slowly varying displacement fields, which satisfy [Lautrup, 2011] :
That allows us to ignore density changes and non-linear deformations. A model for the solid stress tensor σ s ij is presented in the next subsection. Finally, the fluid and solid are coupled at the interface by the following kinematic and dynamic boundary conditions:
where n j is a unit vector normal to the interface. Effects of surface tension are neglected.
Structural viscoelasticity

Constitutive equation
To close the structural equations, one needs a constitutive model that relates the stress tensor σ s ij to Cauchy's (infinitesimal) strain tensor ij defined as:
For linear time-translation-invariant homogeneous isotropic media, the constitutive stressstrain relation can be written in integral form as [Robertsson et al., 1994 , Carcione, 2015 :
where the dot denotes a time derivative and the asterisk symbolizes convolution:
The convolution expresses that the stress depends on the strain history (assuming causality). The constitutive equation contains two relaxation functions, namely ψ Λ (t) for dilatation and ψ G (t) for shear. A relaxation function describes how stress decays as a function of time in response to a unit step in strain. So, the relaxation functions are step responses, while their time derivatives are impulse responses. For purely elastic media, the stress responds immediately to changes in strain. When the strain is a step function (denoted by H s (t)), so is the stress. In that case, the relaxation functions are simply ψ Λ = ΛH s (t) and ψ G = GH s (t). Note that the dilatational modulus Λ and the shear modulus G are the elastic Lamé constants. AsḢ s (t) = δ(t), the Dirac delta function, the above stress-strain relation reduces to:
which is well-known from linear elasticity.
Viscoelastic wave equations
Equations 4, 8 and 9 can be combined in a single viscoelastic wave equation:
One generally distinguishes two wave types, namely compressional waves (also called primary or P-waves) and shear waves (also called secondary or S-waves). P-waves are described by an equation for the dilatation ∇·ξ = kk . S-waves are described by an equation for ∇ × ξ.
Complex moduli
The viscoelastic properties of a medium are fully specified by two relaxation functions. One might also provide the related complex moduli, which are especially useful in harmonic problems. First, the Fourier transform pair is defined:
Let ψ M (t) be a relaxation function, then the complex modulus M (ω) is defined as its iω-multiplied Fourier transform [Tschoegl et al., 2002 , Carcione, 2015 :
The complex modulus can be written as a complex number with either amplitude and phase, or real and imaginary part:
with the modulus magnitude |M |, loss angle φ M , storage modulus M 1 , loss modulus M 2 and dissipation factor η M . These quantities depend in general on frequency. M 1 is a measure for stored strain energy, while M 2 is a measure for the rate of energy dissipation [Carcione, 2015] . The loss angle φ M represents the phase shift between stress and strain. The dissipation factor is also called 'loss factor' [Carfagni et al., 1998 ] or 'loss tangent' (which is the tangent of the loss angle) [Pipkin, 1986] .
Steady state harmonic conditions
When the boundary conditions and body forces of a viscoelastic problem are steady state harmonic functions of time, all field variables will have the same time dependence [Christensen, 1982] . Suppose that all variables have a harmonic dependence of the form e iω 0 t . Exponentials behave nicely under convolution: where F (ω) = F{f (t)}. Using this property and the definition of a complex modulus, the viscoelastic stress-strain relation (9) and the viscoelastic wave equation (12) reduce to:
where Λ and G are the complex dilatational and shear moduli. These equations are the same as used in linear elasticity, except for the use of complex moduli.
Analytical solution
This section applies the general theory from the previous section to an oscillatory laminar flow over a viscoelastic coating. The situation is sketched in figure 1 . A viscous and incompressible Newtonian fluid flows through a channel with half-height h. The fluid has density ρ f , dynamic viscosity µ and kinematic viscosity ν = µ/ρ f . The flow is assumed to be laminar, one-dimensional, homogeneous in the streamwise direction, and symmetric with respect to the channel centreline (z = 0). The symmetry is imposed by a free-slip condition at z = 0. The flow is driven by a harmonic forcing with angular frequency ω:
where f f x is the flow forcing in the x-direction (in units [m s −2 ]) and φ the phase angle. The forcing amplitude f 0 is a real and positive constant. Note that the complex notation is used. Physically relevant quantities are obtained by taking the real part, denoted as Re{...}. Stresses from the flow result in a deformation of the underlying coating. The flow pressure is uniform and assumed to be zero (p = 0), so the structure is solely driven by shear forces. The coating of thickness δ is linear, time-translation-invariant, homogeneous, isotropic and viscoelastic. It is attached at the bottom to a rigid wall. It has density ρ s , shear-wave speed c s and shear modulus G = ρ s c 2 s . The total half-channel height, including the solid layer, is h t = h + δ.
This problem allows an analytical solution, in which the following five dimensionless parameters will appear: 
Note that there are two frequency-related dimensionless numbers: ω rf is relative to a typical fluid frequency and ω rs is relative to a typical solid frequency. The parameter ω rf relates to the Womersley number Wo according to ω rf = Wo 2 [Womersley, 1955] . The parameter ω rs is a reduced or dimensionless wave number, because it equals ω rs = k s δ with wave number k s = ω/c s for shear waves.
For a viscoelastic coating, the shear modulus becomes complex and frequency dependent (see previous section), i.e. G = G(ω). As this paper considers only one forcing frequency, there is no need to describe the frequency dependence of the complex modulus. At the prescribed forcing frequency, the shear modulus is simply a complex number with modulus |G| and phase φ G . Derived quantities, like c s and ω rs , can be written in a similar way:
The angle φ G is the loss angle. It has been found empirically that it always lies between 0 and 90 • [Pipkin, 1986] . As a result, the loss tangent 0 ≤ tan(φ G ) < ∞. However, a loss tangent equal to one is considered outstandingly high [Chung, 2001] . Therefore, the range 0 ≤ φ G ≤ 45 • might be more realistic. The sketched problem is first solved analytically for the fluid flow. Given the aforementioned assumptions, the fluid stress (equation 3) and the momentum equations (1) become:
The latter equation is the unsteady Stokes equation. Because both fluid and solid behave linearly, all quantities have the same harmonic time dependence as the flow forcing. For example, the fluid velocity u f , the velocity at the fluid-structure interface u c , and the solid velocity u s satisfy:
Next, quantities are nondimensionalized as follows:
The velocity is normalized with a typical forcing velocity u f t . The equation to be solved and its solution are:
As a next step, the deformation of the structure is derived. The present paper considers a one-dimensional problem with ξ = ξ(z, t)x, wherex denotes a unit vector in the xdirection. Hence, ∇ · ξ = kk = 0 and only shear waves will appear. The only non-zero strains and stresses are 13 = 31 and σ 13 = σ 31 . Given the harmonic time dependence and the absence of body forces (f s i = 0), equations 17 reduce to:
The latter equation is a wave equation with wave speed c s = G/ρ s . A time derivative of that equation yields the following equation for the structural deformation velocity u s (z, t):
This equation can be solved easily for u s . The displacement then follows from the relation u s = ∂ξ/∂t = iωξ:
Both the fluid and solid solution now satisfy the kinematic boundary condition, namely the continuity of velocity (equation 7a). However, they should also satisfy the dynamic boundary condition, namely continuity of stress (equation 7b). Specifically, at the fluidstructure interface σ f 13 = σ s 13 or:
That gives an equation which can be solved for u c0 , yielding:
where χ is a new dimensionless parameter, which we call the shear interaction parameter. Note that in general χ is a complex number. The fluid and solid velocity can then be rewritten as: Although the whole problem is governed by five dimensionless parameters, the interaction of fluid and solid is governed by one parameter χ. In turn, this parameter depends on all dimensionless numbers in equation 19, except for f r . The dimensionless forcing amplitude f r only appears in u f t . Note that both fluid and solid velocity are linearly proportional to u f t and f r , such that a stronger forcing also yields larger velocities in fluid and solid. For the interpretation of the obtained solution, it will be convenient to consider χ in the limits of small and large ω rf . When ω rf approaches zero, tanh iω rf / iω rf ≈ 1. When ω rf goes to infinity, tanh iω rf ≈ 1. Hence, the following expressions for χ are obtained:
These relations will be useful in the next sections.
Dynamics
In this section we analyse the analytical solution that has been derived above. The first subsection considers the dynamics in the flow, with specific attention for the parameter ω rf . The second subsection describes the dynamics in the solid. It considers the parameters ω rs and φ G in particular. The third subsection investigates the dynamics of the combined fluid-solid system in certain limiting cases.
Dynamics in fluid
The flow dynamics in the absence of a compliant structure is described by ω rf = ωh 2 /ν, the related Womersley number Wo = ωh 2 /ν or the Stokes number ωh 2 /2ν. The latter defines the characteristic length scale l S = 2ν/ω, the Stokes layer thickness. Loosely speaking, l S defines the extent of a near-wall region where viscous effects prevail over inertial effects. A second important dimensionless number is the Reynolds number, which quantifies when flow instabilities might arise. For instance, turbulent bursts in oscillatory pipe flow first occur at Re c ≈ 800 ωR 2 /ν for 2.3 ωR 2 /ν 41. Here R is the pipe radius and Re c = u m 2R/ν is a critical Reynolds number based on u m , the amplitude of the oscillatory component of the cross-sectional mean velocity [Gundogdu and Carpinlioglu, 1999] . The present paper considers laminar flow, so the Reynolds number should be sufficiently small.
The laminar-flow patterns can be classified into three types: quasi-steady (Wo
Wo 28) and inertia-dominated (Wo 28) [Gundogdu and Carpinlioglu, 1999] . Figure 2 shows the fluid velocity profiles for three different Womersley numbers, corresponding to the three different flow types. At very low Wo, the flow is quasisteady and dominated by viscous diffusion, so the Stokes layer thickness is much larger than the half-channel height. The unsteady Stokes equation (21) reduces to ν ∂ 2 u f /∂z 2 + f f x = 0. As a result, the velocity is parabolic and perfectly in phase with the flow forcing. Furthermore, the relevant velocity scale is f 0 h 2 /ν = u f t ω rf . This explains why u f /u f t = O(ω rf ) = O(10 −4 ) in the left subfigure. The middle subfigure shows the velocity profiles at an intermediate Womersley number. Now l S < h and the viscous effects are mainly confined to a layer near the wall. Close to the channel centreline, the flow velocity satisfies ∂u f /∂t = f f x . As a result, the velocity is approximately uniform and 90 • out of phase with the forcing. In addition, u f t = f 0 /ω is the characteristic velocity scale. The right subfigure belongs to a large Womersley number. Viscous effects are confined to an even thinner layer close to the wall. The largest part of the flow is inertia-dominated, as is apparent from the flat velocity profile and the 90 • phase delay.
While figure 2 depicts the flow over a rigid wall, figure 3 shows an example of the flow over a deformable wall. The velocity profiles in solid and fluid are shown for five different phase angles. The three subfigures correspond to different values of ω rf (as in figure 2 ). Due to the deformation of the solid, the fluid has an apparent slip. For small ω rf , viscous effects are strong, which results in an almost uniform velocity profile in the fluid. In addition, the flow is not any more in phase with the forcing because of the coupling to the solid. For large ω rf , the interface velocity u c is close to zero: the relatively small viscous forces can only produce small solid deformations. As a result, the fluid velocity profiles for high ω rf are very similar to the ones for flow over a rigid wall (see figure 2) . 
Dynamics in solid
The solid dynamics is governed by travelling shear waves. This can be observed more easily when the solution for u s is rewritten in terms of complex exponentials: 
The deformation velocity thus results from the superposition of a downward and an upward travelling wave. The shear stress on the coating surface generates a downward travelling shear wave which reflects at the rigid wall and turns into an upward travelling wave. The interference of both waves results in a standing wave pattern. Like with strings and pipes in acoustics, an elastic solid displays resonances at certain wavelengths or frequencies. The relevant parameter is ω rs or λ/δ = 2π/ω rs , where λ is the wavelength. Kulik et al. [2008] also recognized the importance of the parameter ω rs , which they denoted as ωH/C t with coating thickness H and shear-wave speed C t . Both odd and even modes can be distinguished. They have the following characteristics:
Odd modes : cos ω rs = 0,
Even modes : sin ω rs = 0, ω rs = π, 2π, 3π, ...
(34) Figure 4 shows the velocity profiles for an elastic solid and three different values of ω rs . The left subfigure corresponds to the quasi-steady limit: the solid velocity profiles depend linearly on z and the deformation is small. The centre subfigure shows an odd resonance mode. The right subfigure shows an even resonance mode. While figure 4 displays the dynamics for a fully elastic solid, figure 5 considers the effect of viscoelasticity. It depicts the velocity profiles for three different values of φ G . Whereas the deformation is sinusoidal for φ G = 0 • , it shows exponential decay in space for non-zero φ G . For increasing φ G , there is more damping and the wave amplitude decreases over a shorter typical distance, in agreement with Kulik et al. [2008] . To quantify these findings, equation 33 is rewritten to replace c s , which is complex for viscoelastic media. First, the complex wave number k s = ω/c s is decomposed as follows: with a real part k sp for propagation and an imaginary part k sa for attenuation. One might call k sp the (real) wave number and k sa the attenuation factor [Carcione, 2015] . Using these relations, equation 33 can be written as: 
with c sp = ω/k sp the (real) propagation velocity or phase velocity. The shear deformation of a viscoelastic medium is indeed a superposition of exponentially-decaying travelling shear-waves. One can define a characteristic decay length l sa = 1/k sa . For increasing φ G , k sa increases and l sa decreases, thus confirming the above findings.
Dynamics dominated by fluid or solid
The dynamics of the whole fluid-solid system is a complex interplay between fluid and solid dynamics. However, the interface dynamics is relatively simple in certain limiting cases. Consider for instance figure 6, which shows the velocity profiles for three different density ratios ρ r . For small ρ r , the solid is heavy and the interface velocity becomes zero, which corresponds to a no-slip condition for the fluid. For large ρ r , the solid is lightweight and the fluid velocity becomes uniform. In other words, the fluid satisfies a free-slip boundary condition at the wall. Inspired by this example, the present subsection shows how the solid can be adjusted in such a way that the fluid satisfies either a no-slip or a free-slip boundary condition.
No-slip condition for fluid The fluid behaves as shown in figure 2 when it satisfies a no-slip boundary condition at the wall, i.e. when the interface velocity becomes zero (u c0 = 0). This will happen in the limit |χ| → 0. That limit can be achieved by adjusting the solid in the following ways:
• Use a heavy solid: ρ s → ∞ and ρ r → 0.
• Use a stiff solid: |c s | → ∞ and |ω rs | → 0.
• Use a thin solid: δ → 0, |ω rs | → 0 and |tan ω rs | → 0 (while h r ω rs stays constant). • Use an even resonance mode: adjust coating thickness and shear velocity such that sin ω rs = 0 and tan ω rs = 0. This is only possible for a purely elastic solid.
The interface dynamics is governed by the solid, because the solid sets the interface velocity to zero, independent of the instantaneous fluid velocity. The no-slip condition can also be obtained for a low viscosity fluid, because |χ| → 0 for ω rf → ∞ (see figure 3 ).
Free-slip condition for fluid In the limit |χ| → ∞, the fluid satisfies a free-slip boundary condition at the interface: ∂u f /∂z = 0 at z = −h. The fluid velocity becomes uniform: u f = −iu f t exp iωt (see equation 31a). Consider again the situation that only the solid parameters are adjustable. The limit |χ| → ∞ can be achieved in the following ways:
• Use a lightweight solid: ρ s → 0 and ρ r → ∞.
• Use a soft solid: |c s | → 0 and |ω rs | → ∞.
• Use an odd resonance mode: adjust coating thickness and shear velocity such that cos ω rs → 0 and tan ω rs → ∞. This is only possible for a purely elastic solid.
The interface dynamics is governed by the fluid in the first two cases, because the fluid sets the interface velocity as if the solid is absent. Indeed, the same solution for u f is obtained when boundaries are absent. Equation 21 then reduces to ∂u f /∂t = f f x , which is solved by u f = −iu f t exp iωt. As a result, u f lags behind f f x by 90 • . This is indeed observed in figure 6 (right), which shows an example of the free-slip boundary condition.
Note that the free-slip condition is not necessarily obtained for a thick solid. When δ → ∞, also |ω rs | → ∞, but h r ω rs stays constant. Therefore, χ becomes proportional to tan (ω rs ). It follows that χ is periodic for real ω rs and approaches a constant complex number when |ω rs | → ∞ for complex ω rs . This will be shown in the next section.
Interface velocity and shear stress
The previous section has provided a qualitative description of the dynamics. In addition, the behaviour in some limiting cases has been considered. However, in general the fluid satisfies neither a no-slip nor a free-slip boundary condition (as in figure 6 centre). This section therefore quantifies the more general dynamics. In the context of blood flow and drag reduction, the velocity and shear stress at the fluid-solid interface are interesting quantities which are considered below in two subsections. The third subsection discusses the resonances that appear in graphs of velocity and shear stress. The final subsection provides a set of parameters that could represent realistic experiments.
Interface velocity
This section investigates the dependence of the normalized interface velocity u c0 /u f t = −iχ/(χ − 1) on the various problem parameters. Figure 7 shows the amplitude and phase of the normalized interface velocity for an elastic solid. The dependence on ω rs for given ρ r , h r and ω rf clarifies how u c0 changes with coating stiffness. The increase of ω rs on the horizontal axis results from a decreasing c s . The solid resonance modes described in equation 34 are evident. The odd and even modes appear for all ω rf . Specifically, the even modes have no surface velocity, while odd modes (u c0 /u f t = −i) have magnitude 1 and phase −90 • . The figure also exhibits resonances that are not present in the solid system only, but result from the coupling with the fluid. These modes appear when Re{χ} ≈ 1. They are especially strong for low ω rf , because χ becomes then a real number (equation 32a). For ρ r = h r = 1, the resonances occur at ω rs -values slightly larger than ω rs = π, 2π, ..., so close to the even solid modes. For high ω rf (equation 32b), the resonances occur when χ ≈ 1 − i, such that u c0 /u f t ≈ χ with magnitude √ 2 and phase −45 • . For ρ r = h r = 1, the corresponding ω rs -values are slightly smaller than ω rs = π/2, 3π/2, ..., so close to the odd solid modes. Figure 8 shows the magnitude of the normalized surface velocity for two viscoelastic solids: one with low damping (φ G = 10 • ) and another with high damping (φ G = 45 • ). The resonances are less strong or even absent. For φ G = 10 • , there are still minima in the interface velocity, but no-slip does not occur any more for non-zero ω rs . In addition, not every ω rf allows for a solution with |u c0 /u f t | = 1, which contrasts with the purely elastic case. The two subfigures also hint at the limiting cases that have been discussed in section 4.3. When ω rf → ∞, the surface velocity becomes zero (compare with figure 3 ). No-slip occurs for |ω rs | → 0 (a stiff solid) and free-slip for |ω rs | → ∞ (a soft solid).
The influence of coating thickness is shown in figure 9 . It displays the magnitude of the normalized interface velocity as function of |ω rs | at fixed h r |ω rs | = ωh/|c s |. The increase of |ω rs | on the horizontal axis results from an increase of the coating thickness. The graphs display some oscillations at low |ω rs |, like in figure 8. However, the interface velocity becomes constant above a certain |ω rs |. This can be explained with use of the decay length l sa = 1/k sa introduced below equation 36. The exponential function decays to 5% of its initial amplitude in 3 decay lengths. Hence, u c will be independent of δ when δ 3l sa or δ/l sa = |ω rs | sin φ cs 3. Figure 9 indicates with a solid circle the value of |ω rs | for which δ/l sa = 3. Indeed, the graphs confirm that the interface velocity becomes independent of coating thickness when δ 3l sa . In that case, the relevant dimensionless parameter becomes h r ω rs = ωh/c s , which is ω rs with δ replaced by h.
The influence of the half-channel height h is shown in figure 10 (left) . It displays the magnitude of the normalized interface velocity as function of ω rf at fixed ω rf /h 2 r = ωδ 2 /ν. The increase of ω rf on the horizontal axis results from an increase of the half-channel height at fixed frequency and kinematic viscosity. When h → 0, both ω rf → 0 and h r → 0, which results in |χ| → 0 (equation 32a) and |u c0 | → 0. However, when h → ∞, the interface velocity approaches a constant value for ω rf 10 2 . Indeed, χ is independent of h when ω rf → ∞ (equation 32b). Physically, the channel height is so large that it is irrelevant for the interface dynamics. The Stokes length l S = 2ν/ω is the only important length scale for the fluid. The relevant dimensionless number becomes ω rf /h 2 r = ωδ 2 /ν, which is ω rf with h replaced by δ (compare with equation 32b).
The influence of the kinematic viscosity ν is shown in figure 10 (right). It displays the magnitude of the normalized interface velocity as function of ω rf at fixed h r . The increase of ω rf on the horizontal axis results from a decrease of the kinematic viscosity at fixed frequency and half-channel height. When ν → 0, ω rf → ∞ and |χ| → 0 (equation 32b), which yields |u c0 | → 0. This has been already observed in figure 3 (right). The shear stresses become too small to deform the coating. However, when ν → ∞, the interface velocity approaches a constant value for ω rf 10 −2 . Indeed, χ is independent of ν when ω rf → 0 (equation 32a). The reason is that the shear stress becomes independent of the kinematic viscosity for quasi-steady flow, as is proven in the next subsection.
Finally, figure 10 also shows the dependence on the density ratio ρ r . The no-slip condition with u c0 = 0 is obtained in the limit ρ r → 0. On the other hand, the free-slip condition with |u c0 /u f t | = 1 is obtained when ρ r → ∞. These trends have been already observed in figure 6. 
Interface shear stress
The wall shear stress τ w is a relevant parameter in the field of drag reduction. It is defined by:
where τ w0 is the shear stress amplitude, τ wt is a typical shear stress and τ wr is the shear stress amplitude relative to this typical shear stress. Note that τ wt represents a typical fluid shear stress when the solid is rigid (χ = 0); it only depends on fluid and forcing parameters. However, the choice for τ wt is not unique. The present choice corresponds with the shear stress magnitude in the limit ω rf → 0 and χ = 0: equation 37 then gives
The wall shear stress is balanced by the forcing in this quasisteady case. The relevant scales are f 0 h 2 /ν for velocity and h for length; ω disappears. Another choice could be the shear stress in the limit ω rf → ∞ (and χ = 0). Equation 37 then yields |τ w0 | = ρ f f 0 h/ √ ω rf = µ u f t / ν/ω as typical shear stress. The relevant scales are u f t for velocity and ν/ω for length; h disappears. However, we prefer a frequencyindependent τ wt , because ω already appears in the dimensionless numbers ω rs and ω rf . Therefore, ρ f f 0 h has been chosen as a typical shear stress. In the context of drag reduction, it is natural to investigate how the shear stress magnitude changes due to the presence of the coating. Therefore, the drag change ∆τ r is introduced: is the relative shear stress amplitude when the wall is rigid (so χ = 0). The parameter ∆τ r quantifies the change of the shear stress magnitude relative to a rigid wall. Note that ∆τ r depends exclusively on χ, like u c0 /u f t . Hence, most findings related to the interface velocity also apply to the shear stress change. Therefore, this subsection will be short; only two figures are included. Figure 11 shows the normalized shear stress magnitude and the shear stress change as function of ω rs for an elastic solid and three different values of ω rf . The figure exhibits many features that have already appeared in figure 7, such as the even, odd and coupling resonances. For the even modes (|χ| → 0), the shear stress is the same as for a rigid wall and ∆τ r = 0. For the odd modes (|χ| → ∞), the fluid velocity is uniform, the shear stress equals zero, and 100% drag reduction is obtained. For the coupling modes (Re{χ} ≈ 1), the large interface velocity is accompanied by a maximum drag increase. Figure 12 shows the drag change for a viscoelastic solid. The coupling resonances are less strong or have disappeared completely. The odd and even resonance modes are also affected. The even modes do not correspond with ∆τ r = 0 and the odd modes do not reach 100% drag reduction any more. However, the benefit of viscoelasticity is that the response of the fluid-solid system changes less dramatically near the resonances.
Resonances
The previous two subsections have shown that three types of resonances can occur, namely odd, even and coupling modes. The odd and even modes are specific to the solid. Figure  4 has already shown examples of velocity profiles for odd and even modes. Figure 13 shows velocity profiles for coupling modes in an elastic solid at three different ω rf . The amplitude of the normalized interface velocity is indeed larger than one: |u c0 /u f t | > 1, in agreement with figure 7. The velocity magnitude is especially large for low ω rf .
Near resonances, the response of the fluid-solid system changes dramatically, as is also observed in other studies [Luhar et al., 2016] . For instance, a large drag reduction might become a large drag increase when ω rs is changed slightly, especially for elastic solids and low ω rf (see figure 11) . Such behaviour might not be desirable for applications. In that case, one can tune the parameters such that resonances are less strong or do not occur at all. For instance, one could require that ω rs 1 for an elastic solid. As a second example, one could add damping to the solid. Resonances are less strong when the solid is more viscous [Kulik et al., 2008] . That is also evident from the comparison of figures 7 and 8, or figures 11 and 12.
Compliant coatings in practice
The purpose of this subsection is to investigate when deformation of compliant coatings by fluid shear is significant in practice. Consider an FSI problem with fixed forcing frequency, channel geometry and solid material properties. Specifically, the following parameters have been chosen: ω/(2π) = 10 Hz, h = 1 cm, ρ s = 1000 kg m −3 , |G| = 300 Pa and φ G = 10 • . The coating is extremely soft [Stirling and Zrinyi, 2015] . Three different fluids and two different coating thicknesses are considered, such that six possible combinations result (see table 1 ). The three fluids are air, water and a viscous oil, all at room temperature. As the fluids have different densities and viscosities, they influence the interaction through ρ r and ω rf . The coating thicknesses are 1 mm (thin) and 10 cm (thick), which results in two different values of ω rs at fixed h r ω rs . The coating of 10 cm, although very thick, is not yet so thick that the interface velocity becomes independent of the coating thickness, because δ/l sa = 1.0 < 3 (compare with figure 9). Table 1 shows the fluid and coating parameters with the corresponding dimensionless numbers, including the magnitude of the shear interaction parameter and the normalized interface velocity. An increase of |χ| and |u c0 /u f t | indicates a more significant interaction between fluid and solid. Air has the smallest interaction. Although it has a kinematic viscosity which is 15 times larger than that of water, its density is smaller by a factor of about 1000. The low density of air is the main reason for its small interaction parameter. Water has a larger |χ|, mainly because of its larger density. By far the largest interaction is obtained with the viscous oil. Its density is comparable to that of water, but it is more viscous by a factor of 3000. That yields a much lower ω rf and a more significant interaction, as has been already observed from figures 3, 8 and 10. The table also shows that a thicker coating gives a larger interaction because of the |ω rs | increase. In summary, significant interactions between a compliant coating and laminar shear flow are typically obtained for viscous, heavy fluids and soft, thick coatings. 
Conclusions & Discussion
This paper has investigated analytically a fundamental problem in fluid-structure interaction: the oscillatory laminar shear flow over a compliant viscoelastic layer on a rigid base. An analytical solution of the fluid and solid velocity has been obtained. Five dimensionless parameters appear. However, the interaction between fluid and solid is determined by one combined dimensionless parameter, which we call the shear interaction parameter χ. The fluid satisfies a no-slip boundary condition when |χ| → 0, which occurs when the solid is heavy, stiff and/or thin. In contrast, the fluid obeys free-slip when |χ| → ∞, which corresponds to a lightweight and/or soft solid. The dynamics of the fluid-solid system is characterized by resonant behaviour when the solid is elastic. Three types of resonance modes have been identified. Two modes (odd and even) are specific to the solid. The third mode results from the coupling with the fluid, which yields an enlarged velocity and shear stress at the interface. A viscoelastic solid damps the oscillations. The three resonance modes are less strong or even absent. The shear stress at the interface is typically reduced. The findings in this paper have a twofold use. First, they help to understand the fluid and solid dynamics when shear coupling is important, such as in wall-bounded shear flows. Second, the presented analytical solution is very useful for validation of numerical FSI solvers. According to Gad-el Hak [2002] , any numerical result of a FSI problem iswithout sufficient validation -suspect at best and wrong at worst.
The main limitation of the present study relates to stability. The derived analytical solution is only valid as long as the flow and solid are stable. That requires a sufficiently low Reynolds number and a sufficiently stiff coating. Above a critical Reynolds number, the laminar flow will become transitional and eventually turbulent, which involves more complex interactions. Regarding coating stiffness, the current work suggests that 100% reduction of shear stress can be obtained with very soft coatings (so |ω rs | → ∞, see e.g. figure 12 ). However, soft coatings are also susceptible to flow-induced surface instabilities, such as travelling surface waves [Duncan et al., 1985 , Gad-el Hak, 2002 . A stability analysis, although beyond the scope of the current paper, might clarify when the interaction between the oscillatory shear flow and the compliant layer becomes unstable.
The present work opens up a few interesting future directions. First, blood vessel walls are composed of three layers [Čanić et al., 2014] . The current problem can be extended to multiple solid layers with different viscoelastic properties. An analytical solution can presumably also be obtained for that case. Second, normal stresses are important in both blood flows and turbulent flows. It is therefore natural to continue the present work by incorporation of the normal stresses. Finally, there is still a need for Direct Numerical Simulations of turbulent flow over a viscoelastic layer [Kulik et al., 2008] . The analytical solution presented here can be very useful to validate such simulations.
